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ABSTRACT

We compare the application of two different normalization procedures for the Herfindahl-Hirschman Index. We
show that structural differences exist between the two indices and derive the conditions for which these
differences are more or less substantial
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1 Introduction

The so-called Herfindahl-Hirschman Index (HHI), named after its first inventor Hirschman (1945) and its
reinventor Herfindhal (1950), was originally used to analyze a country’s trade measuring the
concentration in its export or import pattern in a given period of a time. Its well-known definition follows

HHI=3", (x;) (1)

where X represents total exports of the economy at hand, X; represents the share in total exports (or
imports, respectively) of product or industry i, and Tt is the corresponding number of products or

industries. By its nature, 1;{” =< HHI =1, i.e. the original HHI is equal to 1 if the trade pattern is

completely concentrated and 1}{” if all products or industries incur exactly equal shares in exports (or

imports, respectively). Thus, the number of relevant items 1 substantially affects the possible range of the
HHI,

When comparing the trade patterns of an economy over the course of time or between several
economies, it is likely that the underlying Tt changes. To maintain (or rather create) comparability, one can
apply a normalization procedure that redefines the range of the HHI such that it is zero for the case of
equal distribution of shares X; between all Tt items, i.e. for minimum concentration. The common
procedure to derive the normalized index, denoted as HHIY  is given by

i

N _ HHI-1/ 2
HHI."I— 1{-"?‘! ()

—'n

It is easy to see that the HHIY remains 1 if the original HHT is equal to 1, but becomes 0 if the original

index is 1fﬂ , that is, minimal.

Baumann (2009) has proposed an alternative normalization approach, which we denote by HHIS that
follows

HHIB =— >~ (3)

This procedure also has the property of rescaling the original HHI to values between 0 and 1. However,
it obviously differs structurally from the common normalization. As this alternative normalization measure
of Baumann (2009) has been recently appeared in economic analyses (de Pablo et al.,, 2014; de Pablo
Valenciano, Giacinti Battistuzzi and Garcia Azcardte, 2015), we will clarify the differences in both
approaches thereby hinting on the appropriate use of a normalization measure.

2 Comparison of the two normalization approaches

We start our comparison with a practical example derived from D’Elia and Duran Lima (2014). Figure 1
displays the export concentration calculated for Honduras in the period 2000 — 2012, measured by
products (Sub-figure 1a) and by destinations (Sub-figure lb).* When we compare the graphical
representation in both sub-figures, we see that the two normalization approaches differ mainly in their
absolute level. The HHIZ is always higher than its counterpart, the HHIY However, looking at their
development over time, we find no great differences. Both curves show various movements upwards and
downwards in the considered period — both in concentration measured by products as well as by
destinations — but are always well aligned. From this practical example, we can derive that for the purpose

" Note that the HHI can also be measured as regards the concentration/diversification in a country’s trade destinations.
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of the comparison of its development over time, the two normalization approaches seem equally
applicable. The question remains to what extent this similarity of both normalized indices is specific to the
chosen case of Honduras (where, for example, the number of considered items is quite high in both

dimensions: 1t € [208; 218] for products and 1 € [65; 111] for destinations).
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(1a): products (1b): destination

Source: own compilation based on D’Elia and Durdn Lima (2014).

Figure 1. Export concentration of Honduras, 2000 — 2012

For a detailed analytical comparison of the two normalization approaches, we define their absolute

difference as AHHI* = |[HHI® — HHI"| which yields
orm "'m‘ul?ﬂ HHI- 1/,
AHH[™ = — " B, (4)

1‘_\1 '

We obtain the maximum difference through

FOC I: I(AHHI" jfaHHI = 0and FOCII: I(AHHI” ]fan = 0 and calculate

2
5
FOCI: HHI* = A L )

Foci: n* (1 + VHHI) + 2vn*(HHI + VHHI — 1) + VHHI -3 = 0 (6)

"It can be shown that the first term is always greater or equal to the second term, because 0 = HHI = 1. Thus, the bars
indicating the absolute value can be dropped.
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Using FOC | —* FOC Il, we obtain the condition for the global extreme value as
n*? —3n* +6yn* =0. (7)

As Equation (7) yields no global extreme value in the defined space (7t = 1}, we focus on the FOC | in
Equation (5), only looking at the limit cases 7 = 1 and lil‘ﬂﬂ_}m T, For the first case of only one item
(n = 1), we simply get HHI; = 1. Here, both normalized indices yield 1 as well and the difference
between them is minimized (AHHI™™™ = 0). More interesting is the limit case of an infinite number of
items, i.e. lim_ 7. We can derive

HHI; = 025 . (8)

B(AHHI™™) /o =0

Indeed, we find that for HHI®*= 0.25 and lim, __n" Because

3% (AHHI™™
( }’;ﬂHHIZ =2 0, we can conclude that this candidate is a maximum.” It follows, that for

these conditions, we obtain a maximum difference between the two normalized indices of
limﬁ_}m AHH[reTMMAx — (25 (9)

Result 1. The maximum difference between the two normalized indices of the HHI equals 0.25. it
appears, when the original HHI is equal to 0.25 and the number of items T approaches infinity.

(2a): absolute (2b): relative

Source: own compilation using MS Excel.

Figure 2. Differences between HHIY and HHI® (Horizontal axis: hypothetical HHI values from 0 to 1,
vertical axis: 1t from 1 to 1000, Green areas indicates small differences, red areas indicates high
differences.)

FAs we study the limit case of lim,,_, .. 71, the determinant of the Hessian matrix is zero. Thus, we consider only the SOC for
HHI
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Finally, Figure 2 visualizes the difference between the two normalized indices. On the horizontal axis,
hypothetical HHI values between @ and 1 with 0.001 increments were used. On the vertical axis, values
for 1t ranging from 1 to 1000 were used. The left-hand panel of Figure 2 shows that the absolute
differences are small for small 1 and for extreme HHI values, while for HHI values between
approximately 0.1 and 0.5 the differences are substantial, approaching a value of 0.25 (see Result 1).
The right-hand panel of Figure 2, indicating the relative differences between the two indices (with HHIY
as base), reveals quite intuitively that the differences are highest for small HHI values.

3 Concluding remarks

We have discussed the difference between two procedures to normalize the HHI. Our results show that

under certain conditions (large number of items and moderately low HHI values) substantial differences
may occur. Thus, the normalization approach must be chosen carefully. In particular, it appears that the
normalization procedure applied by Baumann (2009) fits better with the ancient index of Hirschman

(1945), which takes the square root of the nowadays used HHIS Looking at the data in Baumann (2009),

and also in the recent works that applied his normalization approach, we find that the HHI was,
however, measured in its commonly known form (without square root).

Last, we would like to comment on the general application of a normalized HHI. We already discussed
that the normalization is used to rescale the index to always range between 0 and 1, because the initial

index has its lower bound at 1/{.” . As can be seen easily, with an increasing number of items T, the

normalization becomes virtually obsolete. Now, one could argue that for small T, the index should neither
be normalized, as a small number of items is an indicator of lacking diversification itself. Thus, the original
HHI can be assumed to represent a twofold measure of concentration: first, the obvious one evaluating
the distribution of shares among the present items; and second, the more subtle one considering the
absolute number of relevant items.
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§ See Hirschman (1964) for a clarification of the history of the HHI.
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